We show a method to effectively compute the Wedderburn decomposition and the primitive central idempotents of a semisimple finite group algebra of an abelian-by-supersolvable group G from certain pairs of subgroups of G.
H ≤ G (resp. H G) means that H is a subgroup (resp. normal subgroup) of G. If H ≤ G then N G (H) denotes the normalizer of H in G and we set H = |H| −1 h∈H h, an idempotent of FG. If g ∈ G then x = x .
By assumption all the characters of any finite group are considered as characters in F. For an irreducible character χ of G, let F(χ) denote the character field of χ, e(χ) = 1 |G| g∈G χ(g −1 )g the primitive central idempotent of FG associated to χ and e F (χ) the only primitive central idempotent e of FG such that e(χ)e = 0. The Galois group Gal(F(χ)/F) of the field extension F(χ)/F acts on F(χ)G by acting on the coefficients, that is σ · g∈G a g g = g∈G σ(a g )g.
We recall the following formula [16] e F (χ) = σ∈Gal(F(χ)/F) σ · e(χ).
The group Z * n of units of the ring Z n = Z/nZ acts on G by m · g = g m . Let Q denote the subgroup of Z * n generated by the class of q and consider Q acting on G by restriction of the previous action. The q-cyclotomic classes of G are the orbits of G under the action of Q on G. Notice that if g ∈ G then the cardinality of the cyclotomic class C q (g) containing g is the multiplicative order o of q module the order of g and C q (g) = {g, g q , g q 2 , . . . , g q o −1 }. Notice that the q-cyclotomic classes of the cyclic group (Z n , +) are the so called q-cyclotomic classes module n (see e.g. [10] ).
Assume for a while that G is cyclic. Then the set G * of irreducible characters of G is a group with the natural product: (χ 1 χ 2 )(g) = χ 1 (g)χ 2 (g), for χ 1 , χ 2 ∈ G * and g ∈ G. Furthermore G and G * are isomorphic and in particular G * is cyclic and the generators of G * are precisely the faithful representations of G.
Notation 1
If G is cyclic then let C(G) = C q (G) denote the set of q-cyclotomic classes of G * that contains generators of G * .
Let N G such that G/N is cyclic of order k and C ∈ C(G/N ). If χ ∈ C and tr = tr F(ξ k )/F denotes the trace of the field extension F(ξ k )/F then we set
where g denotes the image of g in G/N and g X denotes a representative of X ∈ G/N . Let H K ≤ G such that K/H is cyclic and C ∈ C(K/H). Then e C (G, K, H) denotes the sum of the different G conjugates of ε C (K, H).
Notice that if g is a generator of G then the map φ : Z n → G * given by φ(m)(g) = ξ m n is a group homomorphism and φ induces a one to one correspondence between the q-cyclotomic classes of q module n contained in Z * n and C(G). On the other hand if N G is such that G/N is cyclic then ε C (G, N ) does not depend on the choice of χ ∈ C. Indeed if ψ is another element of C then ψ = χ q i for some i and hence tr(ψ(g)) = tr(χ(g) q i ) = tr(χ(g)) because the Frobenius automorphism, x → x q belongs to Gal(F q o /F).
It is well known that if G is cyclic then the primitive central idempotents of FG are in one to one correspondence with the q-cyclotomic classes module n which in turn are in one to one correspondence with the q-cyclotomic classes of G or G * . From this it follows in a basically straightforward way that the primitive central idempotents of FG for G abelian are in one to one correspondence with the q-cyclotomic classes of the cyclic quotients of G or equivalently with the elements of the different C(G/N ) for G/N cyclic. Although this is well known we states and proves this result using Notation 1.
Proposition 2 If G is a finite abelian group of order n and F is a finite field of order q such that gcd(q, n) = 1 then the map (N, C) → ε C (G, N ) is a bijection from the set of pairs (N, C) with N G, such that G/N is cyclic and C ∈ C q (G/N ) to the set of primitive central idempotents of FG. Further for every N G and
Proof. If e is a primitive central idempotent of FG then there is an irreducible character ψ of G such that e = e(ψ). Since G is abelian ψ is linear. Let N = ker ψ and let χ be the faithful character of G/N given by χ(g) = ψ(g). Then G/N is cyclic, the cyclotomic class C of G/N containing χ belongs to C(G/N ) and
This shows that the map is surjective and that
To show that the map is injective assume that e C 1 (G,
Finally, since Gal(K/F) is generated by the Frobenius automorphism, there is i such that σ(x) = x q i for every x ∈ K and hence χ 2 = χ
If K is a subgroup of G and ψ is a linear character of K then ψ g denotes the character of K g given by ψ g (x) = ψ(x g −1 ). This defines an action of G on the set of linear characters of subgroups of G. Notice that if H = ker ψ then H g = ker ψ g and therefore the rule ψ → ψ g defines a bijection between the set of linear characters of K with kernel H and the set of linear characters of K g with kernel H g . This bijection maps q-cyclotomic classes to q-cyclotomic classes and hence induces a bijection
H by conjugation and this induces an action of N on the set of q-cyclotomic classes of K/H. It is easy to see that the stabilizers of all the q-cyclotomic class of K/H containing generators of K/H are equal. We denote by E G (K/H) the stabilizer of any q-cyclotomic class of K/H containing generators of K/H under this action of N . Further the action of the previous paragraph induces an action of N on C(K/H) and it is easy to see that E G (K/H) is the stabilizer of any element of C(K/H).
Lemma 4 Let
1. The following are equivalent for every x ∈ G: H) and fix χ ∈ C and k ∈ K such that its imagek in K/H is a generator of K/H. Since χ is a generator of (K/H) * , the image of χ is the set of m-th roots of unity in F q o and hence this image generates F q o as F q -vector space.
1. (a) implies (b) and the equivalence between (b) and (c) are obvious. Assume that x = hk t satisfies (b) with h ∈ H and 0 ≤ t < m. Then
for every 0 ≤ j < n. Thus tr((χ(k t ) − 1)χ(k −j )) = 0 and hence χ(k t ) = 1 because the image of χ contains a generating set of F q o as F q -vector space. Thus χ(k) t = 1 and hence m|t because χ(k) is a primitive m-th root of unity. Therefore x ∈ H.
Using 1 and (2) it is easy to show that Cen G (ε) ≤ N G (H). Let g ∈ N G (H). By Proposition 2, ε C (K, H) and ε C g (K, H) are two primitive central idempotents of FK and they are equal if and only if
We now recall some notation from [4] and [8] . If N G then let ε(G, H) be the element of QG defined as follows:
where M(G/N ) denotes the set of minimal subgroups of G/N . Beware that here N and the M 's are computed in QG rather than in FG as above.
Given H K ≤ G, let e(G, K, H) denote the sum of all G-conjugates of ε(K, H), that is if T is a right transversal of Cen
G (ε(K, H)) in G then e(G, K, H) = t∈T ε(K, H) t .
Clearly e(G, K, H) is a central element of QG and if the G-conjugates of ε(K, H) are orthogonal, then e(G, K, H) is a central idempotent of QG.
Definition 5 A strongly Shoda pair of G is a pair (K, H) of subgroups of G satisfying the following conditions:
H is cyclic and a maximal abelian subgroup of N G (H)/H and (SS3) for every
In [8] it was proved that if (K, H) is a strongly Shoda pair of G then e(G, K, H) is a primitive central idempotent of QG and that if G is abelian-by-supersolvable then every primitive central idempotent of QG is of the form e(G, K, H) for (K, H) a strongly Shoda pair of G.
Let p be the prime divisor of q and let Z (p) denote the localization of Z at p. We identify F p with the residue field of Z (p) , denote with x the image of x ∈ Z (p) in F p and extend this notation to the projection of Z (p) G onto F p G.
Notice that ε(G, N ) belongs to Z (p) (for N G) and hence so does e(G, K, H) (for H K ≤ G). Thus ε(K, H) is an idempotent of F p G and if (K, H) is a strongly Shoda pair then e(G, K, H) is a central idempotent of F p G. (Notice that ε(K, H) can be computed as in (3) but interpreting N and the M 's as elements in FG.)
Lemma 6
1. Let N G such that G/N is cyclic then
2. Let H K ≤ G such that K/H is cyclic and R a set of representatives of the action of
Proof. 1. Since ε(G, N ) and ε C (G, N ) belong to FG N for every C ∈ C(G/N ), by factoring out by N , we may assume without loss of generality that N = 1 and hence G is cyclic (see the proof of Corollary 3). By Proposition 2, every primitive idempotent of FG is of the form ε C (G, H) with H ≤ G and C ∈ C(G/H). Thus to prove 1 it is enough to show that if H ≤ G and C ∈ C(G/H) then ε(G, 1)ε C (G, H) = 0 if and only if H = 1. If C ∈ C(G) and 1 = x ∈ G then (1 − x)ε C (G, 1) = 0, by Lemma 4, and hence (1 − x)ε C (G, 1) = ε C (G, 1) because ε C (G, 1) is a primitive idempotent. Since ε(G, 1) is a product of elements of the form (1− x) with 1 = x ∈ G we deduce that ε(G, 1)ε C (G, 1) = ε C (G, 1) = 0. On the other hand, if 1 = H ≤ G then there is h ∈ H such that M = h is a minimal non trivial subgroup of G and hence
This finish the proof of the claim.
and hence e(G, K, H) = g∈Tn ε(K, H) g . On the other hand C(K/H) is the disjoint union of the sets of the form {C t : t ∈ T E } for C running on R and hence using (2) one has
We are ready to prove the main result of the paper.
Theorem 7 Let G be a finite group and F a finite field such that FG is semisimple.
1. Let (K, H) be a strongly Shoda pair of G and C ∈ C(K/H). Then e C (G, K, H) is a primitive central idempotent of FG and
where E = E G (K/H) and o is the multiplicative order of q module [K : H].
2. Let X be a set of strongly Shoda pairs of G. If every primitive central idempotent of G is of the form e(G, K, H) for (K, H) ∈ X then every primitive central idempotent of FG is of the form e C (G, K, H) for (K, H) ∈ X and C ∈ C(K/H).
Proof. 1. Set ε = ε C (K, H), e = e C (G, K, H) and let T be a right transversal of E in G. By Lemma 4, E = Cen G (ε) and by [8] , N = N G (H) = Cen G (ε (K, H) ). Thus e = g∈T ε g . We claim that the G-conjugates of ε are orthogonal. To prove this it is enough to show that if g ∈ G \ E then εε g = 0. By Lemma 6, εε g = εe(K, H) e(K, H) g ε g . By the definition of strongly Shoda pairs, if g ∈ N then e(K, H)e(K, H) g = 0 and so εε g = 0. If g ∈ N \ E then ε g = ε C g (K, H) (see 2) and thus ε and ε g are two different primitive central idempotents of FK (Corollary 3). Thus εε g = 0.
By Corollary 3, FKε is isomorphic to
is a crossed product of E/K over the field FK, where the action σ and and twisting τ of the crossed product [9] are the action and twisting associated to the short exact sequence of the group extension 1 If g ∈ G then the map x → xg is an isomorphism between the FG-modules FGε and FGε g . Therefore FG FGe = ⊕ g∈T FGε g (FGε) n . Moreover εFGε = ⊕ t∈T FEεtε = FEε, because ε is central in FE and ε t ε = 0 for every t ∈ G \ E. Thus Applying the results of [8] one obtains the following.
Corollary 8
If G is an abelian-by-supersolvable group and F is a finite field such that FG is semisimple then every primitive central idempotents of FG is of the form e C (G, K, H) for (K, H) a strongly Shoda pair of G and C ∈ C(K/H). Furthermore for every strongly Shoda pair (K, H) of G and every C ∈ C(K/H), Corollary 9 Let G be a finite metabelian group and F a finite field such that FG is semisimple. Then every primitive central idempotent of FG is of the form e C (G, K, H) for (K, H) a pair of subgroups of G satisfying the following conditions 1. K is a maximal element in the set {B ≤ G : A ≤ B and B ≤ H ≤ B} and 2. K/H is cyclic;
and C ∈ C(K/H). Furthermore for every pair (K, H) of subgroups of G satisfying 1 and 2 and every C ∈ C(K/H), FGe C (G, K, H 
